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We apply methods of quantum mechanics to mathematical modelling of price dynamics in
a ﬁnancial market. We propose to describe behavioral ﬁnancial factors (e.g., expectations
of traders) by using the pilot wave (Bohmian) model of quantum mechanics. Our model
is a quantum-like model of the ﬁnancial market, cf. with works of W. Segal, I.E. Segal,
E. Haven. In this paper we study the problem of smoothness of price-trajectories in the
Bohmian ﬁnancial model. We show that even the smooth evolution of the ﬁnancial pilot
wave ψ(t, x) (representing expectations of traders) can induce jumps of prices of shares.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
1.1. Quantum-like models outside physics
This paper can be considered as a contribution into applications of quantum mechanics to ﬁnancial market [1–8], see
also [1,9–20] on various applications of quantum mechanics outside microworld. This paper is fundamentally based on
investigations of D. Bohm, B. Hiley, and P. Pylkkänen [21,22] on the active information interpretation of Bohmian mechanics
[23,24] and its applications to cognitive sciences, see also Khrennikov [1,2].
Intensive investigations were performed on applying quantum methods to ﬁnancial market, see, e.g., E. Haven [4–6],
that were not directly coupled to behavioral modeling, but based on the general concept that randomness of the ﬁnancial
market can be better described by quantum mechanics, see, e.g., [7]: “A natural explanation for extreme irregularities in the
evolution of prices in ﬁnancial markets is provided by quantum effects.”
1.2. Eﬃcient-market hypothesis
In economics and ﬁnancial theory, analysts use random walk and more general martingale techniques to model behavior
of asset prices, in particular share prices on stock markets, currency exchange rates and commodity prices. This practice
has its basis in the presumption that investors act rationally and without bias, and that at any moment they estimate the
value of an asset based on future expectations. Under these conditions, all existing information affects the price, which
changes only when new information comes out. By deﬁnition, new information appears randomly and inﬂuences the asset price
randomly. Corresponding continuous time models are based on stochastic processes (this approach was initiated in the thesis
of L. Bachelier [25] in 1890), see, e.g., the books of R.N. Mantegna and H.E. Stanley [26] and A. Shiryaev [27] for historical
and mathematical details.
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and E.F. Fama [29] for details:
A market is said to be eﬃcient in the determination of the most rational price if all the available information is instantly processed
when it reaches the market and it is immediately reﬂected in a new value of prices of the assets traded.
Mathematically the eﬃcient market hypothesis was supported by investigations of Samuelson [28].
1.3. Deterministic chaos?
There are a variety of arguments, both theoretical and obtained on the basis of statistical analysis of data, which question
the general martingale model (and hence the eﬃcient market hypothesis), see, e.g., [30–37] for details and discussions.
Intensive investigations have been performed on testing the hypothesis that the real ﬁnancial data can be really described
by the martingale model, see [30–37]. On the basis of available ﬁnancial data researchers try to ﬁnd the answer to the
following question:
Do ﬁnancial asset returns behave randomly (and hence they are unpredictable) or deterministically (and in the latter
case one may hope to predict them and even to construct a deterministic dynamical system which would at least mimic
dynamics of the ﬁnancial market)?
There is no general consensus on the validity of the eﬃcient market hypothesis. As it was pointed out in [35]:
“. . . econometric advances and empirical evidence seem suggest that ﬁnancial asset returns are predictable to some de-
gree. Thirty years ago this would have been tantamount to an outright rejection of market eﬃciency. However, modern
ﬁnancial economics teaches us that others, perfectly rational factors may account for such predictability. The ﬁne struc-
ture of securities markets and frictions in trading process can generate predictability. Time-varying expected returns due
to changing business conditions can generate predictability. A certain degree of predictability may be necessary to reward
investors for bearing certain dynamic risks.”
1.4. Bohmian model for traders of ﬁnancial market
In this paper we develop a new approach that is not based on the assumption that investors act rationally and without bias
and that, consequently, new information appears randomly and inﬂuences the asset price randomly. In our approach information
about ﬁnancial market (including expectations of agents of the ﬁnancial market) is described by an information ﬁeld ψ(t,q)—
ﬁnancial wave. This ﬁeld evolves deterministically1 perturbing the dynamics of prices of stocks and options. Since psychology
of agents of the ﬁnancial market gives an important contribution into the ﬁnancial wave ψ(t,q), our model can be consid-
ered as a special psycho-ﬁnancial model.
In fact, our approach is an application to economy of Bohmian mechanics [23] (or pilot-wave theory). In physics a
quantum particle moves under the guidance of a special ﬁeld, the pilot wave. Bohmian mechanics might be interpreted
as a generalization of classical Newton mechanics. It ﬁnely combines the deterministic description of motion of quantum
particles (through the Newton equation) with the wave behavior. In particular, the interference can be easily presented in
the classical framework of particles having well-deﬁned trajectories in physical space. The origin of the interference is the
pilot wave which induces a new force, quantum force. As any force, the quantum force can be obtained as the gradient of a
potential—quantum potential. And it can be easily found from the pilot wave ψ(t,q), where q is the coordinate of a particle
in physical space. However, Bohmian mechanics could not be considered as just a sub-domain of Newtonian mechanics.
In the opposition to the classical Newtonian trajectory, the Bohmian trajectory could not be completely described by the
ordinary differential equation. The quantum force in the right-hand side of the evolution equation is generated by the
pilot wave ψ(t,q) which is a solution of an independent equation—the conventional Schrödinger equation. The latter one
is a ﬁeld-equation. Roughly speaking creation of Bohmian mechanics was a completion of the Newtonian mechanics by an
additional ﬁeld-equation.
In some contexts the effect of the quantum force can be neglected. Hence, the pilot wave described by the Schrödinger
equation would not play any role. This is the domain of traditional classical physics. But if the contribution of the quantum
force should be taken into account, then the Newtonian dynamics should be completed by the wave dynamics.
The essence of our Bohmian ﬁnancial model is the description of expectations of traders by an additional informational
ﬁeld ψ(t,q), where now q is the vector of prices of various shares. For example, q1 is for VOLOVO’s share, . . . , qn for SAAB’s
share. Such an informational ﬁeld can be considered as a ﬁeld of market psychology, or ﬁnancial mental ﬁeld, cf. with [1].
It contains expectations of traders and their feelings about the present and future situation at the ﬁnancial market.
We consider the price trajectory q(t) = (q1(t), . . . ,qn(t)), where qi(t) is the price of ith share at time t . It is described
as a solution of the Newton-like equation. In this equation the classical ﬁnancial force (which is determined by material
conditions in economy, e.g., availability of natural and labor resources, and even weather conditions) is combined with a
new “quantum-like ﬁnancial force.” The latter force is obtained on the basis of the mental ﬁnancial ﬁeld ψ(t,q) by using
1 Dynamics is given by Schrödinger’s equation on the space of prices of shares.
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This is the force of market psychology.
1.5. The problem of smoothness of trajectories
One of possible objections against applying the Bohmian quantum model for describing the dynamics of prices (of, e.g.,
shares) of the ﬁnancial market is smoothness of trajectories obtained in the Bohmian model. In contrast to it, in ﬁnancial
mathematics it is commonly assumed that the price-trajectory is not differentiable, see, e.g., [26,27]. In this paper we
show that even continuous dynamics of the ﬁnancial wave ψ(t,q) can produce discontinuous quantum force g (induced by
discontinuous quantum potential U ). We prove (by using the standard ﬁx-point technique and choosing adequate functional
spaces) existence theorems for equations with discontinuous classical and quantum forces.
2. A brief introduction to Bohmian mechanics
We emphasize that the conventional quantum formalism cannot say anything about the individual quantum particle.
This formalism provides only statistical predictions on huge ensembles of particles. However, Bohmian mechanics [21,23,24]
provides a better description of quantum reality, since there is the possibility to describe trajectories of individual particles.
This great advantage of Bohmian mechanics was not explored so much in physics. Until now no experiments had been
performed that would distinguish predictions of Bohmian mechanics and conventional quantum mechanics.
The mentioned advantages of Bohmian mechanics can be explored in applications to the ﬁnancial market. In the latter
case it is really possible to observe the trajectory of the price or price-change dynamics. Such a trajectory is described by
equations of the mathematical formalism of Bohmian mechanics. In this section we consider one-dimensional case, so q ∈ R.
The dynamics of the wave function ψ(t,q) is described by Schrödinger’s equation
ih
∂ψ
∂t
(t,q) = − h
2
2m
∂2ψ
∂q2
(t,q) + V (q)ψ(t,q). (1)
Let us write the wave function ψ(t,q) in the following form: ψ(t,q) = R(t,q)ei S(t,q)h , where R(t,q) = |ψ(t,q)|. We obtain
the differential equations for R2 and S:
∂R2
∂t
+ 1
m
∂
∂q
(
R2
∂ S
∂q
)
= 0, (2)
∂ S
∂t
+ 1
2m
(
∂ S
∂q
)2
+
(
V − h
2
2mR
∂2R
∂q2
)
= 0. (3)
We remark that if one uses the Born’s probabilistic interpretation of the wave function, then R2 = |ψ |2 gives the probability.
Thus Eq. (2) is the equation describing the dynamics of the probability distribution (in physics it is called the continuity
equation). Suppose that h
2
2m  1 and that the contribution of the term h
2
2mR
∂2R
∂q2
can be neglected. Then we obtain the
equation:
∂ S
∂t
+ 1
2m
(
∂ S
∂q
)2
+ V = 0. (4)
From the classical mechanics, we know that this is the classical Hamilton–Jacobi equation which corresponds to the dynam-
ics of particles: p = ∂ S
∂q or
mq˙ = ∂ S
∂q
, (5)
where particles moves normal to the surface S = const. David Bohm proposed to interpret Eq. (3) in the same way. But we
see that in this equation the classical potential V is perturbed by an additional “quantum potential” U = h22mR ∂
2R
∂q2
.
From the evolution equation (5) we derive the usual Newton equation, but with the force corresponding to the combi-
nation of the classical potential V and the quantum one U :
m
dv
dt
= −
(
∂V
∂q
− ∂U
∂q
)
. (6)
The crucial point is that the potential U is by itself driven by a ﬁeld equation—Schrödinger’s equation (1). Thus Eq. (6)
cannot be considered as just the Newton classical dynamics (because the potential U depends on ψ as a ﬁeld parameter).
We remark that there are two basic interpretations of quantum mechanics: quantum force interpretation and ∇ S-ﬁeld
interpretation. By the ﬁrst the basic equation is the Newton equation (6) and by the second—the guidance equation (5).
O. Choustova / J. Math. Anal. Appl. 346 (2008) 296–304 299As we have already noted, there are a few critical arguments against Bohmian quantum formalism:
1. Bohmian theory gives the possibility to provide the mathematical description of the trajectory q(t) of an elementary
particle. However, such a trajectory does not exist according to the conventional quantum formalism.
2. Bohmian theory is nonlocal, namely, via the pilot wave ﬁeld one particle “feels” another on large distances.
We say that these disadvantages of theory will become advantages in our applications of Bohmian theory to ﬁnancial
market.
3. Price phase space, modeling of ﬁnancial energy
We repeat shortly the Bohmian model for the ﬁnancial market which was proposed in [38–40]. Let us consider a math-
ematical model in that a huge number of agents of the ﬁnancial market interact with one another and take into account
external economic (as well as political, social and even meteorological) conditions in order to determine the price to buy or
sell ﬁnancial assets. We consider the trade with shares of some corporations (e.g., VOLVO, SAAB, IKEA, . . . ).
We consider a price system of coordinates. We enumerate corporations which did emissions of shares at the ﬁnancial mar-
ket under consideration: j = 1,2, . . . ,n (e.g., VOLVO: j = 1, SAAB: j = 2, IKEA: j = 3, . . .). We introduce the n-dimensional
conﬁguration space Q = Rn of prices, q = (q1, . . . ,qn), where q j is the price of a share of the jth corporation. Here R is the
real line. Dynamics of prices is described by the trajectory q(t) = (q1(t), . . . ,qn(t)) in the conﬁguration price space Q .
Another variable under the consideration is the price change variable: v j(t) = q˙ j(t) = limt→0 q j(t+t)−q j(t)t , see, for exam-
ple, the book [26] on the role of the price change description. In real models we consider the discrete time scale t,2t, . . . .
Here we should use discrete price change variable δq j(t) = q j(t + t) − q j(t).
We now introduce an analogue m of mass as the number of items (in our case shares) that a trader emitted to the
market. We call m the ﬁnancial mass. Thus each trader j (e.g., VOLVO) has its own ﬁnancial mass mj (the size of the emission
of its shares). The total price of the emission performed by the jth trader is equal to T j =mjq j—market capitalization.
We also introduce ﬁnancial energy of the market as a function H : Q × V → R . If we use the analogue with classi-
cal mechanics, then we could consider (at least for mathematical modeling) the ﬁnancial energy of the form2: H(q, v) =
1
2
∑n
j=1mjv2j + V (q1, . . . ,qn).
Here K = 12
∑n
j=1mjv2j is the kinetic ﬁnancial energy and V (q1, . . . ,qn) is the potential ﬁnancial energy, mj is the ﬁnancial
mass of jth trader.
The kinetic ﬁnancial energy represents efforts of agents of ﬁnancial market to change prices: higher price changes induce
higher kinetic ﬁnancial energies. If the corporation j1 has higher ﬁnancial mass than the corporation j2, so mj1 > mj2 ,
then the same change of price, i.e., the same ﬁnancial velocity v j1 = v j2 , is characterized by higher kinetic ﬁnancial energy:
K j1 > K j2 . We also remark that high kinetic ﬁnancial energy characterizes rapid changes of the ﬁnancial situation at market.
However, the kinetic ﬁnancial energy does not give the attitude of these changes. It could be rapid economic growth as well
as recession.
The potential ﬁnancial energy V describes the interactions between traders j = 1, . . . ,n (e.g., competition between NOKIA
and ERICSSON) as well as external economic conditions (e.g., the price of oil and gas) and even meteorological conditions
(e.g., the weather conditions in Louisiana and Florida). For example, we can consider the simplest interaction potential:
V (q1, . . . ,qn) =∑nj=1(qi − q j)2.
As in classical mechanics for material objects, we introduce a new variable p =mv , the price momentum variable. Instead
of the price change vector v = (v1, . . . , vn), we consider the price momentum vector p = (p1, . . . , pn), p j = mjv j . The
quantity f j(q) = − ∂V∂q j is called the ﬁnancial force. We can postulate the ﬁnancial variant of the second Newton law:
mv˙ = f . (7)
“The product of the ﬁnancial mass and the price acceleration is equal to the ﬁnancial force.”
4. Bohmian model for behavior of ﬁnancial market
Our fundamental assumption is that agents at the modern ﬁnancial market are not just “classical-like agents.” Their
actions are ruled not only by classical-like ﬁnancial potentials V (t,q1, . . . ,qn), but also (in the same way as in the pilot
wave theory for quantum systems) by an additional information (or psychological) potential induced by a ﬁnancial pilot
wave.
Therefore we could not use the classical ﬁnancial dynamics (Hamiltonian formalism) on the ﬁnancial phase space to
describe the real price trajectories. Information (psychological) perturbation of Hamiltonian equations for price and price
change must be taken into account. To describe such a model mathematically, it is convenient to use such an object as a
ﬁnancial pilot wave that rules the ﬁnancial market.
2 We are working just on the simulation level. The problem of ﬁnding of adequate forms of ﬁnancial energy is of huge complexity!
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ﬁnancial market. In particular, the ψ(t,q) contains expectations of agents.3
We underline two important features of the ﬁnancial pilot wave model:
1. All shares are coupled on the information level. The general formalism [21,23,24] of the pilot wave theory says that
if the function ψ(q1, . . . ,qn) is not factorized, i.e., ψ(q1, . . . ,qn) = ψ1(q1) . . .ψn(qn), then any changing the price qi
will automatically change behavior of all agents of the ﬁnancial market (even those who have no direct coupling with
i-shares). This will imply changing of prices of j-shares for i = j.
2. Reactions of the market do not depend on the amplitude of the ﬁnancial pilot wave: waves ψ,2ψ,100000ψ will
produce the same reaction. Such a behavior at the market is quite natural (if the ﬁnancial pilot wave is interpreted
as an information wave, the wave of ﬁnancial information). The amplitude of an information signal does not play so
large role in the information exchange. The most important is the context of such a signal. The context is given by the
shape of the signal, the form of the ﬁnancial pilot wave function.
In fact, we need not develop a new mathematical formalism. We will just apply the standard pilot wave formalism to
the ﬁnancial market. The fundamental postulate of the pilot wave theory is that the pilot wave (ﬁeld) ψ(q1, . . . ,qn) induces
a new (quantum) potential U (q1, . . . ,qn) which perturbs the classical equations of motion. A modiﬁed Newton equation has
the form:
p˙ = f + g, (8)
where f = − ∂V
∂q and g = − ∂U∂q . We call the additional ﬁnancial force g a ﬁnancial mental force. This force g(q1, . . . ,qn)
determines a kind of collective consciousness of the ﬁnancial market. Of course, the g depends on economic and other
‘hard’ conditions given by the ﬁnancial potential V (q1, . . . ,qn). However, this is not a direct dependence. In principle, a
nonzero ﬁnancial mental force can be induced by the ﬁnancial pilot wave ψ in the case of zero ﬁnancial potential, V ≡ 0.
So V ≡ 0 does not imply that U ≡ 0. Market psychology is not totally determined by economic factors. Financial (psychological)
waves of information need not be generated by some changes in a real economic situation. They are mixtures of mental and
economic waves. Even in the absence of economic waves, mental ﬁnancial waves can have a large inﬂuence to the market.
By using the standard pilot wave formalism we obtain the following rule for computing the ﬁnancial mental force. We
represent the ﬁnancial pilot wave ψ(t,q) in the form:
ψ(t,q) = R(t,q)eiS(t,q),
where R(t,q) = |ψ(t,q)| is the amplitude of ψ(t,q), (the absolute value of the complex number c = ψ(t,q)) and S(t,q) is
the phase of ψ(t,q) (the argument of the complex number c = ψ(t,q)). Then the ﬁnancial mental potential is computed as
U (q1, . . . ,qn) = − 1
R
n∑
i=1
∂2R
∂q2i
and the ﬁnancial mental force as g j(q1, . . . ,qn) = −∂U∂q j (q1, . . . ,qn). These formulas imply that strong ﬁnancial effects are
produced by ﬁnancial waves having essential variations of amplitudes.
The only problem which we have still to solve is the description of the time-dynamics of the ﬁnancial pilot wave, ψ(t,q).
We follow the standard pilot wave theory. Here ψ(t,q) is found as the solution of Schrödinger’s equation. Thus if we know
ψ(0,q) then by using Schrödinger’s equation we can ﬁnd the pilot wave at any instant of time t,ψ(t,q). Then we compute
the corresponding mental potential U (t,q) and mental force g(t,q) and solve Newton’s equation. In this way we obtain the
price-trajectory in our quantum-like model.
We have only to make one remark, namely, on the role of the constant h in Schrödinger’s equation, cf. E. Haven [5,6,8].
In quantum mechanics (which deals with microscopic objects) h is the Planck constant. This constant is assumed to play
the fundamental role in all quantum considerations. However, originally h appeared as just a scaling numerical parameter
for processes of energy exchange. Therefore in our ﬁnancial model we can consider h as a price scaling parameter, namely,
the unit in which we would like to measure price change. We do not present any special value for h. There are numer-
ous investigations into price scaling. It may be that there can be recommended some special value for h related to the
modern ﬁnancial market, a fundamental ﬁnancial constant. However, it seems that h = h(t) evolves depending on economic
development.
5. The problem of smoothness of price trajectories
In the Bohmian model for price dynamics the price trajectory q(t) can be found as the solution of the equation
3 The reader may be surprised that there appeared complex numbers C . However, the use of these numbers is just a mathematical trick that provides
the simple mathematical description of dynamics of the ﬁnancial pilot wave.
O. Choustova / J. Math. Anal. Appl. 346 (2008) 296–304 301m
d2q(t)
dt2
= f (t,q(t))+ g(t,q(t)) (9)
with the initial condition q(t0) = q0, q′(t0) = q′0. Here we consider a “classical” (time dependent) force f (t,q) = − ∂V (t,q)∂q
and “quantum” force g(t,q) = − ∂U (t,q)
∂q , where U (t,q) is the quantum potential, induced by the Schrödinger dynamics. In
Bohmian mechanics for physical systems Eq. (9) is considered as an ordinary differential equation and q(t) as the unique
solution (corresponding to the initial conditions q(t0) = q0, q′(t0) = q′0) of the class C2: q(t) is assumed to be twice differ-
entiable with continuous q′′(t).
As was already mentioned, one of possible objections against applying the Bohmian quantum model for describing the
dynamics of prices (of, e.g., shares) of the ﬁnancial market is smoothness of trajectories obtained with the aid of Bohmian
mechanics. In contrast to it, in ﬁnancial mathematics it is commonly assumed that the price-trajectory is not differentiable,
see, e.g., [26,27]. In this paper we show that is that even continuous dynamics of the ﬁnancial wave ψ(t,q) can produce
discontinuous quantum forces g (induced by discontinuous quantum potential U ). We also prove (by using the standard
ﬁx-point technique and choosing adequate functional spaces) existence theorems for equations with discontinuous classical
and quantum forces.
6. Existence theorems for nonsmooth dynamics
We recall the standard uniqueness and existence theorem for ordinary differential equations, Picard’s theorem, that gives
the guarantee of smoothness of trajectories, see, e.g., [41].
Theorem 1. Let F : [0, T ] × R→ R be a continuous function and let F satisfy the Lipschitz condition with respect to the variable x:
∣∣F (t, x) − F (t, y)∣∣ c|x− y|, c > 0. (10)
Then, for any point (t0, x0) ∈ [0, T ) × R there exists the unique C1-solution of the Cauchy problem:
dx
dt
= F (t, x(t)), x(t0) = x0, (11)
on the segment  = [t0,a], where a > 0 depends t0, x0, and F .
We recall that in the standard proof of this theorem the Cauchy problem (11) for the ordinary differential equation is
written as the integral equation:
x(t) = x(t0) +
t∫
t0
F
(
s, x(s)
)
ds. (12)
This equation is solved by using the method of iterations in the space of continuous trajectories.
We point out that discontinuous ﬁnancial forces can induce price trajectories q(t) which are not smooth: more over, price
trajectories can even be discontinuous! From this point of view the main problem is not smoothness of price trajectories
q(t) (and in particular the zero covariation for such trajectories), but the absence of an existence and uniqueness theorem
for discontinuous ﬁnancial forces. We shall formulate and prove such a theorem. Of course, outside the class of smooth
solutions one could not study the original Cauchy problem for an ordinary differential equation (11). Instead of this one
should consider the integral equation (12).
We shall generalize Theorem 1 to discontinuous F . Let us consider the space BM[t0,a] consisting of bounded measurable
functions x : [t0,a] → R. Thus: (a) supt0ta |x(t)| ≡ ‖x‖∞ < ∞; (b) for any Borel subset A ⊂ R, its preimage x−1(A) ={s ∈ [t0,a]: x(s) ∈ A} is again a Borel subset in [t0,a].
Lemma 1. The space of trajectories BM[t0,a] is a Banach space.
Theorem 2. Let F : [0, T ] × R → R be a measurable bounded function and let F satisfy the Lipschitz condition with respect to the
x-variable, see (10). Then, for any point (t0, x0 ∈ [0, T ) × R, there exists the unique solution of the integral equation (12) of the class
BM[t0,a], where a > 0 depends on x0, t0, and F .
Proposition 1 (Continuity of the solution of the integral equation). Let conditions of Theorem 2 hold. Then solutions are continuous
functions x : [t0,a] → R.
Thus Theorem 2 (in combination with Proposition 1) gives a suﬃcient condition of the existence of the unique continuous
trajectory-solution x(t) for the integral equation (12). But, of course, in general x(t) is not continuously differentiable!
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integral equation (12) of the class L2[t0,a], where a > 0 depends on x0, t0, and F .
We remark that in the same way as in the case BM[t0,a]-space, we can show that solutions existing due to Theorem 3
are continuous functions.
Proposition 2 (Continuity). Let conditions of Theorem 3 hold. Then solutions x : [t0,a] → R are continuous functions.
Thus we again obtained continuous, but in general nonsmooth (x /∈ C1) solutions of the basic integral equation.
The theory can be naturally generalized to Lp spaces, p  1:
Lp[t0,a] =
{
x : [t0,a] → R: ‖x‖pp ≡
a∫
t0
∣∣x(t)∣∣p dt < ∞
}
.
We shall not do this, because our aim was jut to show that the integral equation (12) with discontinuous F is well posed
(i.e., it has the unique solution) in some classes of (nonsmooth) trajectories.
It is more important for us to remark that Theorems 2, 3 are valid in the multi-dimensional case: x0 = (x01, . . . , x0n),
x(t) = (x1(t), . . . , xn(t)), and F : [0, T ] × Rn → Rn .
To show this, we should change in all previous considerations the absolute value |x| to be norm on the Euclidean
space Rn: ‖x‖ =
√∑
j=1 x2j . We now use the standard trick to apply our theory to the Newton equation (9) which is a
second order differential equation. We rewrite this equation as a system of equations of the ﬁrst order with respect to
x = (x1, . . . , xn, xn+1, x2n), where x1 = q1, . . . , xn = qn , xn+1 = p1, . . . , x2n = pn . In fact, this is nothing else than the phase
space representation. The Newton equation (9) will be written as the Hamilton equation. However, the Hamiltonian structure
is not important for us in this context. In any event we obtain the following system of the ﬁrst order equations:
dx
dt
= F (t, x(t)), (13)
where
F (t, x) =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
xn+1
.
.
.
x2n
f1(t, x1, . . . , xn) + g1(t, x1, . . . , xn)
.
.
.
fn(t, x1, . . . , xn) + gn(t, x1, . . . , xn)
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Here f j(t, x1, xn) = ∂V∂x j (t, x1, . . . , xn) and g j(t, x1, . . . , xn) = ∂U∂x j (t, x1, . . . , xn).
If ∇V = ( ∂V
∂xn
, . . . , ∂V
∂xn
) or ∇U = ( ∂U
∂xn
, . . . , ∂U
∂xn
) are not continuous, then the standard existence and uniqueness theorem—
Theorem 1 could not be applied. But, instead of the ordinary differential equation (13), we can consider the integral
equation:
x(t) = x0 +
t∫
t0
F
(
s, x(s)
)
ds (14)
and apply Theorems 2, 3 to this equation. We note that due to the structure of F (t, x), we have in fact p1(t) =
p01 +
∫ t
t0
F1(s,q(s))ds, . . . , pn(t) = p0n +
∫ t
t0
Fn(s,q(s))ds, q1(t) = q01 + 1m
∫ t
t0
p1(s,q(s))ds, . . . , qn(t) = q0n + 1m
∫ t
t0
pn(s)ds.
By Propositions 1, 2, p j(t) are continuous functions. Therefore integrals
∫ t
t0
p j(s)ds are continuous differentiable functions.
Thus under conditions of Theorem 2 or Theorem 3 we obtain the following price dynamics:
Price trajectories are of the class C1 (so dqdt (t) exists and continuous), but price velocity v(t) = p(t)m is in general non-differentiable.
7. The answer to the objection on smoothness of trajectories
It seems that by using the quantum-potential approach one can obtain nonsmooth price velocities, but not at all
nonsmooth price trajectories. The basic assumption on classical Newtonian dynamics for the price acceleration induces
smoothness of price trajectories.
Let us now turn to the ∇ S-ﬁeld interpretation. By this interpretation the basic equation of motion is not the second
order Newton-type equation, but the ﬁrst order equation:
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∂q
(15)
(we recall that this equation was basic and the Newton-type equation was derived from it). Here the basic price equation is
of the ﬁrst order
mq˙ = ∂ S
∂q
. (16)
By moving to the corresponding integral equation:
mq(t) = q(t0) + 1
m
t∫
t0
∂ S(s,q(s)
∂q
ds, (17)
we obtain a continuous solution which is not differentiable if ∇ S(t,q) has points of discontinuity. Thus even if ψ(t, x) is
differentiable (with respect to x), but not continuously differentiable, see Section 8, the price trajectory can be nonsmooth.
8. General scheme to produce discontinuous ∇S(t,q) for an arbitrary Hamiltonian
Let Hˆ be a self-adjoint operator, Hˆ  0, in L2(Rn) (Hamiltonian—an operator representing the ﬁnancial energy). Let
us consider the corresponding Schrödinger equation ∂ψ
∂t = Hˆψ, ψ(0) = ψ0, in L2(Rn). Then its solution has the form:
ut(ψ0) = e −it Hˆh ψ0.
We recall that, for any t  0, the map ut : L2(Rn) → L2(Rn) is a unitary operator: (a) it is one-to-one; (b) it maps L2(Rn)
onto L2(Rn) (c) it preserves the scalar product: (utψ,utφ) = (ψ,φ), ψ,φ ∈ L2.
We pay attention to the (b). By (b), for any φ ∈ L2(Rn), we can ﬁnd a ψ0 ∈ L2(Rn) such that φ = ut(ψ0). It is suﬃcient
to choose ψ0 = u−1t (φ) (any unitary operator is invertible). Thus, ψ(t) = ut(ψ0) = φ. In general a function φ ∈ L2(Rn) is not
a smooth or even continuous function! Therefore in the case under consideration (so we created the wave function ψ such
that ψ(t) = φ, where φ was an arbitrary chosen square integrable function), ∇ S(t,q) is in general a generalized function
(distribution)!
9. Conclusion
In this paper we investigated the problem of smoothness of trajectories in the Bohmian model of ﬁnancial processes.
It was shown that guiding equation of the price trajectory can have nonsmooth solutions. We also presented a scheme of
producing discontinuous ﬁnancial forces (inducing nonsmooth price trajectories). Thus from the mathematical viewpoint the
problem was solved.
However, one should sharply distinguish a mathematical model and reality. In fact, smooth trajectories “do not exist in
nature.” Smooth trajectories belong neither to physical nor ﬁnancial reality. They appear in mathematical models which can
be used to describe reality. It is clear that the possibility to apply a mathematical model with smooth trajectories depends
on a chosen time scale. Trajectories that can be considered as smooth (or continuous) at one time scale might be nonsmooth
(or discontinuous) at a ﬁner time scale.
We illustrate this general thesis by the history of development of ﬁnancial models. We recall that at the ﬁrst stage of
development of ﬁnancial mathematics, in the Bachelier model and the Black and Scholes model, processes with continuous
trajectories were considered: the Wiener process and more general diffusion processes. However, recently it was claimed that
such stochastic models (with continuous processes) are not completely adequate to real ﬁnancial data, see, e.g., [26,27]
for the detailed analysis. It was observed that at ﬁner time scales some Levy-processes with jump-trajectories are more
adequate to data from the ﬁnancial market.
Therefore one could say that the Bohmian model provides a rough description of price dynamics and describes not the
real price trajectories by their smoothed versions. However, it would be interesting to keep the interpretation of Bohmian
trajectories as the real price trajectories. In such an approach one should obtain nonsmooth Bohmian trajectories. We did
this in the present paper.
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